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Globally Optimal Passive Compliance Control
for Tasks Having Multiple Homotopy Classes
Jacob J. Rice

Department of Mechanical Engineering, Marquette University, Milwaukee, WI

Joseph M. Schimmels

Department of Mechanical Engineering, Marquette University, Milwaukee, WI

Abstract

Redundant serial manipulators with variable stiffness actuators (VSAs) are capable of passive
compliance control, in which the elastic behavior of the end-effector is controlled for robust
interaction with a stiff environment. This paper addresses the problem of finding the globally optimal
joint manipulation path (sequence of joint positions and compliances) that yields a desired task
manipulation path (sequence of end-effector positions and compliances) when there is one degree of
redundancy. The space of admissible joint paths can be very complex, with multiple bifurcations
resulting in multiple homotopy classes of joint paths. Bifurcations due to singularities in the combined
kinematic and compliance joint space are quickly identified using geometric conditions and rootfinding. Bifurcations due to joint limits are identified using a novel path planner that traces the solution
space boundary edges. With the bifurcations located, joint paths in all homotopy class are generated
and deformed into locally optimal paths. The best of these is very likely the globally optimal joint path.

Concepts are illustrated in a case study for particle-planar passive compliance control with a 3R-VSA
manipulator.

Keywords

Redundant manipulators, Variable stiffness actuation, Inverse kinematics, Manipulation planning,
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1. Introduction

Passive compliance control is an approach to regulate the force-displacement interaction between a
manipulator and its environment by controlling the end-effector’s multi-directional compliance
(inverse of stiffness) directly, without active control using sensor feedback. Managing the mechanical
interaction is very important in tasks with contact constraints, such as turning a crank, polishing a
surface, or assembling parts.
Passive compliance control may be implemented using manipulators like that in Fig. 1, with variable
stiffness actuators (VSAs), which have adjustable stiffness elements in series with the kinematic
actuators [1]. Such manipulators can independently change the equilibrium joint position and physical
joint compliance in real-time. Realization of passive compliance control, however, can be difficult even
with these types of manipulators [2].

Fig. 1. Planar serial manipulator with variable stiffness actuators (VSAs). For each joint i, the primary actuator
controls the kinematic joint position 𝑞𝑞𝑝𝑝𝑖𝑖 and the VSA controls the joint compliance 𝑞𝑞𝑐𝑐𝑖𝑖 .

The set of realizable end-effector compliances strongly depends on the kinematic joint configuration of
the manipulator (i.e., spatial locations of the elastic joints). Because a redundant serial manipulator can
adjust its kinematic configuration without changing the end-effector pose, the set of realizable endeffector compliances is much larger for a redundant serial manipulator compared to a non-redundant
one.
The primary challenge in realizing passive compliance control in a redundant manipulator is
determining an appropriate joint manipulation path, a continuous sequence of kinematic joint

configurations and joint compliances that realizes the desired task manipulation path, a continuous
sequence of desired end-effector positions and compliances. The kinematic joint configurations and
joint compliances of the joint manipulation path must be feasible for the manipulator hardware. For
some task manipulation paths, there is no possible joint path that can perform the task. When a path
does exist, because of redundancy, there is an infinite set of joint paths that can complete the task.
The problem of selecting a unique joint manipulation path is addressed in [3] by extending the
redundant inverse kinematic (RIK) path planning problem to include compliance (RIKC). To do this, the
joint space of the manipulator and the task space of the end-effector are augmented to include
compliance coordinates. However, the path generation method in [3] does not generate the globally
optimal path, nor does it guarantee to find a solution though one may exist. To find the globally
optimal path or to prove no solution exists, the entire feasible RIKC solution space must be considered.
The RIK(C) solution space is a time indexed sequence of self-motion manifolds [4] (connected sets of
joint configurations that yield the same task configuration of the end-effector). The RIK(C) solution
space may also be constrained by boundary conditions of the joint path (e.g., fixed, free, or periodic).
The feasible RIK(C) solution space is the subset of realizable joint configurations (those within the
hardware limits of the manipulator). The RIK(C) path planning problem is more difficult when the
feasible RIK(C) solution space is not simply connected.
The problem of finding the globally optimal solution to the passive compliance control problem has
previously not been addressed; nor has the problem of characterizing the connection structure of the
solution space. Our recent work, [5], characterizes the connectivity of RIK solution spaces and identifies
all joint path homotopy classes by identifying bifurcation points in the RIK solution space. In [5],
bifurcations from kinematic singularities are identified using root-finding with the geometric conditions
associated with the singularities. The bifurcation branch algorithm cannot be immediately applied to
RIKC problems because singularities in the combined kinematic and compliance space have not been
investigated. Additionally, [5] does not provide a means of identifying bifurcations due to joint limits,
but this must be considered for RIKC problems as VSAs have hardware limits. This work fills in these
gaps to use the bifurcation branch algorithm [5] in the RIKC framework [3] for passive compliance
control.

1.1. Prior work

There are three areas of prior work relevant to this paper: 1) work related to characterizing the
solution space for passive compliance control, 2) work related to generating joint paths for passive
compliance control, and 3) work related to finding the globally optimal joint path for RIK path planning
problems.
Others have investigated the space of realizable end-effector compliances by sampling the total joint
configuration space (kinematic and compliance coordinates) and calculating the end-effector
compliance. The space of realizable compliance is visualized using scatter plots [6] or “stiffablity
maps” [7]. These relatively sparse sampling approaches, however, do not provide information about
the connectivity of the joint space configurations.
Necessary and sufficient conditions for a manipulator to achieve a specified passive compliance have
been identified for a variety of manipulator types. The conditions and geometric interpretations for 2

and 3 joint manipulators realizing a particle planar compliance have been identified for revolute
joints [8] and for a combination of revolute or prismatic joints [9]. The conditions and the geometric
interpretations have been identified for 3R [10], 4R [11], 5R [12], and 6R [13] manipulators realizing a
general planar compliance. The conditions and the geometric interpretations have also been identified
for 6R [14] manipulators realizing a general spatial compliance. For each type of manipulator, the
conditions on manipulator geometry are decoupled from the conditions on the joint compliance
values. Results apply to finding a single joint configuration at a single task instance. The connectivity of
joint configurations at a single task instance is not addressed, nor is the generation of a time indexed
joint path through the RIKC solution space.
Joint paths through the RIKC solution space have been generated [3] using instantaneous resolution.
Optimal joint velocities are obtained by minimizing a velocity-based cost function (e.g., the weighted
norm of the joint velocity) over the set of joint velocities that produce the desired task velocity.
Starting from an admissible initial joint configuration, the instantaneously optimal joint path is
generated by integrating the optimal joint velocity over the entire path. Joint limits were addressed
using the Saturation in the Null Space (SNS) algorithm [15]. The velocity-based instantaneous RIKC path
planner [3] has two limitations: 1) it may proceed to a premature termination, failing to complete the
task manipulation path even when viable paths exist, and 2) when a path that does complete the task
is found, it is not, in general, the globally optimal path or even a locally optimal path. A locally optimal
path is a path for which any infinitesimal deformation yields a higher global cost value (according to an
integral cost criterion).
Locally optimal solutions to the RIK path planning problem can be obtained using global resolution
techniques in which a global cost function (e.g., integral of the instantaneous cost function over the
whole path) is minimized over the set of admissible paths. Global resolution is equivalent to an optimal
control problem which may be solved: 1) “indirectly” using Pontryagin’s maximum principle [16] or the
calculus of variations [17], [18], 2) “directly” using nonlinear programming [5], [19], [20], or 3) using
dynamic programming [21], [22]. Dynamic programming identifies the globally optimal path, but only
for fixed boundary conditions, in which the joint configurations at the task endpoints are specified. The
globally optimal path for fixed boundary conditions will, in general, have a higher cost than that of free
(unconstrained) boundary conditions.
For RIK path planning problems with one degree of redundancy, the bifurcation branch algorithm (bbalgorithm) [5] provides the most complete solution. Briefly, the bb-algorithm decomposes the RIK
solution space such that all joint path homotopy classes are identified, generates sub-optimal joint
paths in each homotopy class, and deforms these joint paths using nonlinear programming and selfmotion paths. The best of these joint paths (deformed into locally optimal paths) is very likely the
globally optimal joint path.
Fig. 2 provides a very simple example of how the bb-algorithm decomposes the RIK solution space and
captures the connection structure in a directed graph called the bifurcation branch roadmap (bbroadmap). As the task progresses (normalized time increases from 0 to 1), the self-motion manifolds
bifurcate at the hyperbolic singularity [23]. (Bifurcations may also occur from joint limits, but [5] does
not provide a means of identifying that type of bifurcation.) Bifurcation branches (self-motion paths on
either side of the bifurcation point) correspond to the black nodes in the bifurcation branch roadmap.

The bb-roadmap also includes the self-motion manifolds at the task start and end points corresponding
to the white nodes. Each homotopy class is uniquely identified by its route (sequence of edges
connecting a start node to a terminal node). There can be many homotopy classes when multiple
bifurcations exist. The bb-roadmap, together with the self-motion paths of its nodes, provide a means
of systematically searching the entire RIK solution space for the globally optimal path.

Fig. 2. An RIK solution space with a single bifurcation from a kinematic singularity and its bifurcation branch
roadmap. (a) The shaded solution surface embedded in the joint configuration space is a set a self-motion
manifolds, a few shown as thin solid lines. The × is a bifurcation point, dashed and dashed-dotted lines are
feasible self-motion paths on one side of the bifurcation point or self-motion paths of task endpoints. Solid lines
with arrow endpoints are joint paths in different homotopy classes. (b) White nodes correspond to the feasible
self-motion paths of task endpoints, pairs of black nodes correspond to the feasible self-motion paths on either
side of a singularity bifurcation point.

The bb-algorithm requires high-level information (obtained, for example, from geometric analysis)
about: 1) the number and structure1 of the self-motion manifolds along the task, 2) a characterization
of how bifurcations in the self-motion manifolds impact the number of joint path homotopy classes,
and 3) a means of identifying the locations of the bifurcation points along the task. This information,
used to algorithmically construct a bb-roadmap, has not been provided for any RIKC problem.

1.2. Approach

In this paper, the bb-algorithm previously used in RIK resolution is used in the combined kinematic and
compliance (RIKC) solution space to generate the globally optimal joint path for passive compliance
control with one degree of redundancy. Here, the analysis and developments needed to construct the
bb-roadmap for RIKC problems are provided.
The challenges associated with developing the bb-roadmap in the combined solution space are: 1)
identifying the number and structure of self-motion manifolds and the feasible self-motion paths on
them, 2) identifying bifurcation nodes associated with singularities, 3) identifying bifurcations
associated with joint limits, and 4) identifying edges connecting nodes. The first challenge relates
directly to identifying endpoint nodes, but also relates to identifying edges as this information is
important for understanding the bifurcation structure and its impact on homotopy classes.
The number of self-motion manifolds impacts the number of endpoint nodes in the bb-roadmap (white
nodes). The structure of the self-motion manifolds impacts the number of edges connecting nodes.
This information has been identified for the kinematic self-motion manifolds of many types of
manipulators (e.g., [4], [24], [25]). However, the number and the structure of self-motion manifolds in
the combined kinematic and compliance configuration space has not been identified for any type of

manipulator. This paper provides a method for obtaining this information by combining kinematic selfmotion manifolds with compliance realization conditions (e.g., [8], [9], [10], [11], [12], [13], [14]).
The identification of singular joint configurations (and their corresponding end-effector configurations)
is necessary for finding the bifurcation branches of singularities (black nodes). In [5], these features
were identified using known geometric conditions for singularities (and for the task instances at which
they occur). However, the geometric conditions for singularities and their task instances in the
combined kinematic and compliance configuration (RIKC) spaces are not known for any type of
manipulation with VSA robots (e.g., a 3R planar VSA-manipulator performing a particle planar task).
This paper provides a method for obtaining this information using compliance realization conditions
(e.g., [8], [9], [10], [11], [14]) for simpler manipulators that can achieve the same elastic behavior as
the redundant manipulator.
For problems with bifurcations in the feasible RIKC solution space induced by joint limits, it is necessary
to identify the bifurcation points to build the bb-roadmap. Because joint compliances are always lower
and upper bounded, joint limits must be accounted for in the compliance subspace. An example of
bifurcations from joint limits is illustrated in Fig. 3. Joint limit bifurcation points are identified here for
differentiable task manipulation paths by tracking the boundary edges of the RIK(C) solution space
using an instantaneous path planner based on a modified Saturation in the Null Space (SNS)
algorithm [15]. The boundary edge path planner terminates at: 1) a task endpoint (white node), 2) a
premature termination point (⊗ node), or 3) a joint limit bifurcation point (gray node). The boundary
edge path planner can be used in both RIK and RIKC path planning problems.

Fig. 3. Bifurcations and pre-mature termination from joint limits on a simple RIK(C) solution space with a single
open manifold. (a) The solution space is parameterized by task progress and self-motion. A single joint path
(solid line with arrow end-point) is shown in each homotopy class. (b) The bifurcation branch roadmap. White
nodes correspond to the feasible self-motion paths of task endpoints (dashed lines at start and end), pairs of
gray nodes correspond to the feasible self-motion paths on either side of a joint limit bifurcation point ( × ), and
⊗ corresponds to a premature termination point.

In addition to describing new procedures for identifying roadmap nodes, new procedures are also
developed for identifying roadmap edges. The methods described in [5] for implicitly identifying edges
of the bb-roadmap are limited to RIK problems with 1 or 2 closed self-motion manifolds at each task
instance. New methods of identifying edges are needed to address the greater number of disjoint selfmotion manifolds in RIKC problems. This paper presents an algorithm for constructing the bb-roadmap
edges for RIK(C) problems with any number of open self-motion manifolds and with bifurcations from
both singularities and joint limits.

1.3. Paper overview

This paper provides means of constructing the bifurcation branch roadmap (bb-roadmap) that
identifies the connectivity of the solution space for RIKC path planning with one degree of redundancy.
Strategies for identifying the number and the structure of self-motion manifolds, and their bifurcations
from singularities and their bifurcations from joint limits are described. These strategies are used to
generate the nodes of the bb-roadmap. Strategies for identifying the edges of the bb-roadmap are also
provided.
Section 2 reviews the technical background needed to solve the RIKC path planning
problem. Section 3 provides means of identifying the number and the structure of self-motion
manifolds in the total joint space (kinematic and compliance coordinates). Section 4 describes
procedures for identifying self-motion bifurcations from singularities in the total joint
space. Section 5 provides a method for quickly identifying bifurcation points that result from joint
limits. Section 6 describes a new algorithm for generating the bb-roadmap for manipulation with open
self-motion manifolds and with bifurcations from both singularities and joint
limits. Section 7 demonstrates the procedures and provides the results of a case study in which a 3RVSA manipulator is used to turn a crank despite geometric uncertainties. Section 8 provides a brief
summary and conclusion.

2. Background

This section reviews technical background used in solving the redundant inverse kinematics and
compliance (RIKC) path planning problem. The augmentation of the RIK problem to include compliance
(RIK → RIKC) is described first. With the RIKC framework [3], joint manipulation paths for passive
compliance control are obtained using the bb-algorithm [5] to find the best joint path in the combined
solution space. Technical descriptions of the RIK(C) path planning problem and its solution space are
provided. To use the bb-algrithm, connectivity characteristics of the RIKC solution space are required.
Bifurcations from singularities and bifurcations from joint limits must be identified. Bifurcations from
joint limits are identified using a boundary edge path planner based on a modified Saturation in the
Null Space (SNS) algorithm [15]. The basic2 version of the SNS algorithm is briefly reviewed here.

2.1. Compliance extended redundant inverse kinematics

Serial manipulators with VSAs can control each joint position and its compliance independently. As
such, the total joint configuration space includes both kinematic coordinates and compliance
𝑇𝑇

coordinates. The kinematic joint configuration is 𝐪𝐪𝑝𝑝 = �𝑞𝑞𝑝𝑝1 , 𝑞𝑞𝑝𝑝2 , … , 𝑞𝑞𝑝𝑝𝑛𝑛𝑝𝑝 � ,, where the coordinate 𝑞𝑞𝑝𝑝𝑖𝑖 ∈
�𝑞𝑞𝑝𝑝𝑖𝑖 , 𝑞𝑞𝑝𝑝𝑖𝑖max � is the relative angle between link i and link (𝑖𝑖 − 1) (link 0 is the ground) and np is the
min

𝑇𝑇

number of joints. The compliance joint configuration is 𝐪𝐪𝑐𝑐 = �𝑞𝑞𝑐𝑐1 , 𝑞𝑞𝑐𝑐2 , … , 𝑞𝑞𝑐𝑐𝑛𝑛𝑝𝑝 � ,, where the

coordinate 𝑞𝑞𝑐𝑐𝑖𝑖 ∈ �𝑞𝑞𝑐𝑐𝑖𝑖 , 𝑞𝑞𝑐𝑐𝑖𝑖max � is the compliance of joint i. Note, unlike revolute kinematic joints, a
min

passive compliance has a fundamental limit for which qcimin≥0. The total joint configuration is the
𝑇𝑇

concatenation of these: 𝐪𝐪 = �𝐪𝐪𝑇𝑇𝑝𝑝 , 𝐪𝐪𝑇𝑇𝑐𝑐 � ..

Likewise, the end-effector position/orientation configuration 𝐱𝐱 𝑝𝑝 and the task compliance matrix 𝐂𝐂𝑥𝑥 are
independently controlled. These are similarly combined into the total task configuration 𝐱𝐱 =
𝑇𝑇

�𝐱𝐱 𝑝𝑝𝑇𝑇 , 𝐱𝐱 𝑐𝑐𝑇𝑇 � ,, where 𝐱𝐱 𝑐𝑐 is the set of upper triangular elements of 𝐂𝐂𝑥𝑥 𝐶𝐶𝑥𝑥𝑖𝑖𝑖𝑖 , 𝑗𝑗 ≥ 𝑖𝑖. This set contains the

minimum number of elements needed to define a symmetric positive definite task compliance matrix.
Because of this structure, the forward mapping function 𝒇𝒇: 𝑄𝑄 → 𝑋𝑋 is
𝒇𝒇(𝐪𝐪) = �

𝒇𝒇𝑝𝑝 �𝐪𝐪𝑝𝑝 �
�,
𝒇𝒇𝑐𝑐 (𝐪𝐪)

where the forward kinematic function fp gives 𝐱𝐱 𝑝𝑝 and the forward compliance function fc gives 𝐱𝐱 𝑐𝑐 . Note
that the kinematic function only depends on the kinematic joint variables; whereas, the compliance
function depends on all joint variables.
The total forward mapping function 𝒇𝒇(𝐪𝐪) and total Jacobian matrix 𝐉𝐉(𝐪𝐪) =

𝜕𝜕𝒇𝒇(𝐪𝐪)
𝜕𝜕𝐪𝐪

are used to resolve the

compliance extended inverse kinematics (RIKC) problem using the same resolution methods used in
the RIK problem.

2.2. Redundant inverse kinematics path planning

Consider a task space with m coordinates and a manipulator joint space with n > m joint coordinates.
The general optimal RIK path planning problem is
(1)
min.
s.t.

𝐺𝐺global �𝒒𝒒(𝑡𝑡)�

𝒇𝒇�𝒒𝒒(𝑡𝑡)� = 𝒙𝒙(𝑡𝑡) ,
𝐪𝐪min ≤ 𝒒𝒒(𝑡𝑡) ≤ 𝐪𝐪max

where q(t) and x(t) are paths parameterized by normalized time (i.e., task progress) in the joint and
task spaces, respectively, 𝐪𝐪min and 𝐪𝐪max are lower and upper limits of the joint coordinates,
and Gglobal(q(t)) is the global cost function. The global optimization problem may also be constrained by
boundary conditions, usually fixed, free, or periodic. Fixed boundary conditions specify the joint
configurations at the task endpoints, whereas free (unconstrained) boundary conditions do not specify
the endpoint joint configurations. Periodic boundary conditions (applicable for cyclic task paths), do
not specify the endpoint configurations, but require them to be the same. Free boundary conditions
yield the lowest cost path.
The domain of the optimization is the feasible RIK(C) solution space, where the RIK(C) solution space is
a sequence of sets of self-motion manifolds for every 𝐱𝐱 ∈ 𝒙𝒙(𝑡𝑡) [4] given by
(2)

𝑛𝑛𝑠𝑠

𝒇𝒇−1 (𝐱𝐱) = � 𝓜𝓜𝑖𝑖 (𝝍𝝍)
𝑖𝑖

where ns is the number of disjoint self-motion manifolds 𝓜𝓜𝑖𝑖 (𝝍𝝍),, and ψ is a set of self-motion
parameters. For RIK(C) problems with one degree of redundancy (𝑛𝑛 − 𝑚𝑚 = 1), each self-motion

manifold is a 1-dimensional path qi(ψ). The portions of the self-motion paths within the joint limits are
feasible self-motion paths. The feasible RIK(C) solution space is the collection of all feasible self-motion
paths at each instance in time.
Technically, the manifold description of the preimage (2) is only valid for regular values, task
configurations for which its preimage does not contain a singularity, i.e., a joint configuration qs such
that rank�𝐉𝐉(𝐪𝐪𝑠𝑠 )� < 𝑚𝑚. Each coregular value is a task configuration 𝐱𝐱 𝑐𝑐𝑐𝑐 for which the preimage contains
both singularities and non-singular joint configurations [4]. Although the preimage of a coregular value
is not a collection of manifolds, it is a collection of self-motion paths for problems with one degree of
redundancy. These paths are split at the singularity into separate branches (e.g., dashed and dasheddotted lines in Fig. 2a).

2.3. SNS algorithm

Joint paths through the RIK(C) solution space can be generated using instantaneous resolution
methods where the optimal joint velocity that yields the desired task velocity is identified [26] using
(3)
𝐪𝐪̇ = 𝐉𝐉 † 𝐱𝐱̇ + (𝐈𝐈 − 𝐉𝐉 † 𝐉𝐉)𝐪𝐪̇ 𝑁𝑁 ,

where 𝐈𝐈 is the identity matrix and 𝐉𝐉 † is the weighted pseudoinverse of 𝐉𝐉(𝐪𝐪),, and 𝐪𝐪̇ 𝑁𝑁 is a “preferred”
joint motion, often selected to be 𝟎𝟎.
Starting at a joint configuration of the task start point, (3) may be integrated over the task
manipulation path x(t). The generated joint path, however, may violate joint limits.

The basic Saturation in the Null Space (SNS) algorithm [15] first identifies a joint motion using (3) still
with 𝐪𝐪̇ 𝑁𝑁 = 𝟎𝟎,, but with the additional restriction
(4)

𝐪𝐪min − 𝒒𝒒(𝑡𝑡)
𝐪𝐪max − 𝒒𝒒(𝑡𝑡)
≤ 𝐪𝐪̇ ≤
,
𝛥𝛥𝛥𝛥
𝛥𝛥𝛥𝛥

where 𝛥𝛥𝑡𝑡 is the path integration step size and q(t) is the current joint configuration of the generated
path. This prevents the generated joint path from violating joint limits.

To satisfy restriction (4), the SNS algorithm first calculates 𝐪𝐪̇ using (3), then checks if the inequality
constraints of (4) are satisfied. If they are not, the most violated joint value, qi is saturated at its
limiting value by setting element i of 𝐪𝐪̇ 𝑁𝑁 to element i of the inequality constraint (4). Eq. (3) is re†
calculated, replacing 𝐉𝐉 † with 𝐉𝐉SNS
=
#
(𝐉𝐉𝐉𝐉) ,, where
(·)
is the Moore-Penrose pseudoinverse and 𝐒𝐒 is the saturation matrix: an n × n diagonal matrix with
element 𝑆𝑆𝑖𝑖𝑖𝑖 = 1 for non-saturated joints or 𝑆𝑆𝑖𝑖𝑖𝑖 = 0 for saturated joints. This forces the non-saturated
joints to compensate. The process is repeated until either a feasible joint velocity is identified or
until rank(𝐉𝐉𝐉𝐉) < 𝑚𝑚.

In this paper, the SNS algorithm is modified to track a boundary edge of the RIKC solution space. By
tracking the boundary edge until the path can no longer be generated (i.e., rank(𝐉𝐉𝐉𝐉) < 𝑚𝑚), the joint
limit bifurcation points and premature termination points are identified.

3. RIKC self-motion manifolds

As stated previously, the main challenge in passive compliance control is to solve the redundant
inverse kinematics and compliance (RIKC) path planning problem. There are multiple ways for a joint
path to traverse the RIKC solution space’s complicated connection structure. Characterizing the
connectivity of the RIKC solution space is important for identifying the globally optimal joint path for
passive compliance control.
The first aspect in characterizing the connectivity of the RIKC solution space is to identify the number
and structure of the self-motion manifolds of regular task points on the task manipulation path. This
information relates directly to generating the bb-roadmap nodes at the task endpoints (white start and
terminal nodes). This section describes a strategy for identifying the number and structure of selfmotion manifolds for RIKC problems with one degree of redundancy. Each disjoint self-motion
manifold is distinguished using an identification number that is assigned based on geometric properties
of the manipulator. The self-motion manifold identification numbers are later used to identify bbroadmap edges. The strategy is first described in general, then the concepts are demonstrated for a
3R-VSA manipulator like that in Fig. 1.

3.1. General strategy

Because the compliance mapping depends on the kinematic joint configuration, but the kinematic
mapping is independent of the joint compliance configuration, the kinematic self-motion manifolds are
identified first. Although the kinematic joint configurations are connected on each kinematic selfmotion manifold, the total joint configurations in the combined joint space are not continuously
connected in the compliance subspace. The kinematic self-motion manifolds are divided into regions
where the compliance configurations are connected.
Consider a total task configuration on the task manipulation path:
𝐱𝐱 ∈ 𝒙𝒙(𝑡𝑡) = �

The preimage of the kinematic task configuration is

𝐱𝐱 𝑝𝑝 ∈ 𝒙𝒙𝑝𝑝 (𝑡𝑡)
�.
𝐱𝐱 𝑐𝑐 ∈ 𝒙𝒙𝑐𝑐 (𝑡𝑡)

(5)
𝑛𝑛𝑠𝑠

𝒇𝒇𝑝𝑝−1 �𝐱𝐱 𝑝𝑝 � = � 𝓜𝓜𝑝𝑝𝑖𝑖 (𝝍𝝍)
𝑖𝑖=1

where ns is the number of disjoint kinematic self-motion manifolds 𝓜𝓜𝑝𝑝𝑖𝑖 (𝝍𝝍). If available, analytical
descriptions of the kinematic self-motion manifolds are used. Otherwise, numerical descriptions of the
kinematic self-motion manifolds are used (e.g., parameterized by arc length [5]).
The preimage of the compliance task configuration given the kinematic joint configuration,

(6)
𝒇𝒇−1
𝑐𝑐 (𝐱𝐱 𝑐𝑐 ) ∣ 𝐪𝐪𝑝𝑝 ∈ 𝓜𝓜𝑝𝑝𝑖𝑖 (𝝍𝝍),

is unique for many manipulation cases [8], [9], [11], [12]. The joint compliance values for these cases
are readily identified by joint compliance synthesis formulas related to the compliance realization
conditions. For manipulation cases with equality constraints in their compliance realization conditions,
the equality constraints are used to identify a one-dimensional sub-manifold (path) of the kinematic
self-motion manifold 𝒒𝒒𝑝𝑝𝑖𝑖 (𝜓𝜓).

The joint synthesis formulas provided in [8], [9], [11], [12], evaluated over ψ, have discontinuities when
any two twists align. The twists of any two joints (say joint i and joint j) align when
(7)
𝐭𝐭𝑗𝑗 = 𝛼𝛼𝐭𝐭 𝑖𝑖 ,

where α is a scalar.

Because of the discontinuity, the total joint configurations are not continuously connected over the
kinematic self-motion manifold. Instead, each set of continuously connected joint configurations on
either side of the discontinuity is an open self-motion manifold. The number of self-motion manifolds
𝑇𝑇

for the task configuration 𝐱𝐱 = �𝐱𝐱 𝑝𝑝𝑇𝑇 , 𝐱𝐱 𝑐𝑐𝑇𝑇 � depends on the number of kinematic self-motion manifolds
of 𝐱𝐱 𝑝𝑝 and on the number of twist alignment cases over each kinematic self-motion manifold. The
bounding twist alignment cases of each self-motion manifold and the associated kinematic self-motion
manifold determine the identification number.
The number of feasible self-motion paths (the connected subsets of feasible joint configurations on the
self-motion manifolds) may be different. Each self-motion manifold may have 0, 1, or multiple disjoint
feasible self-motion paths. The feasible self-motion manifolds are identified using a one dimensional
search over each self-motion manifold, checking if the joint configuration is feasible. Bounds
(endpoints) of the feasible self-motion paths are joint configurations with a joint variable saturated at
its limit. The feasible self-motion paths at the task endpoints are used as end-point nodes in the bbroadmap.
This general strategy of identifying self-motion manifolds is described in detail below for a 3R-VSA
manipulator capable of performing a task in which the end-effector follows a desired path in both
position and compliance.

3.2. 3R-VSA manipulator

Consider any end-effector position inside the dexterous workspace for which the distal link of the
manipulator can fully rotate without changing the end-effector position. The kinematic self-motion
manifolds are characterized by the analytical formulas of a four-bar Grashof mechanism,
parameterized by the end-effector orientation 𝜓𝜓 = 𝑞𝑞𝑝𝑝1 + 𝑞𝑞𝑝𝑝2 + 𝑞𝑞𝑝𝑝3 . There are two disjoint kinematic
self-motion manifolds corresponding to the “elbow-up” and “elbow-down” solutions. Each of these
kinematic self-motion manifolds is a closed manifold, where a manipulator performing a self-motion
returns to its original kinematic configuration after a full rotation of the end-effector.

Given the kinematic joint configuration (parameterized by ψ and the elbow pose, i.e., “up” or “down”),
the joint compliance configuration is resolved by the joint compliance synthesis equations provided
in [8]. Since the joint compliance synthesis equations yield a unique joint compliance configuration (for
all regular task configurations in which two twists do not align), the kinematic self-motion
parameter ψ is suitable as the self-motion parameter that resolves both kinematics and compliance.
Although the joint compliance configurations are unique for each kinematic configuration, the joint
compliance configurations are not continuously connected over the kinematic self-motion manifolds.
The joint compliance synthesis formulas [8] yield undefined joint compliance values at twist alignment
cases.
There are four relevant twist alignment cases satisfying (7):
a+ : 𝐭𝐭 2 ∥ 𝐭𝐭 3 and𝛼𝛼 > 0,
b+ : 𝐭𝐭1 ∥ 𝐭𝐭 3 and𝛼𝛼 > 0,
a− : 𝐭𝐭 2 ∥ 𝐭𝐭 3 and𝛼𝛼 < 0,
b− : 𝐭𝐭1 ∥ 𝐭𝐭 3 and𝛼𝛼 < 0.

Each kinematic self-motion manifold (“elbow-up” and “elbow-down”) has kinematic configurations
corresponding to these twist alignment cases. The four kinematic configurations for the “elbow-up”
manifold are shown in Fig. 4a. The self-motion parameter value ψ* for each twist alignment case (𝜓𝜓 ∗ =
𝜓𝜓a+ , 𝜓𝜓b+ , 𝜓𝜓a− , or 𝜓𝜓b− ) is shown in Fig. 4b.

Fig. 4. Twist alignment cases of the elbow-up self-motion manifold. (a) Kinematic configurations of the twist
alignment cases in order of darkest to lightest: a+ , b+ , a− , b−. (b) Elbow-up self-motion manifolds: qi(ψ), 𝑖𝑖 = 1 −
4 separated by kinematic self-motion parameter values: 𝜓𝜓a+ , 𝜓𝜓b+ , 𝜓𝜓a− , 𝜓𝜓b− .

The joint compliances associated with the aligned twists, approach ± ∞ as ψ approaches ψ* from the
left, and approach ∓∞ as ψ approaches ψ* from the right. Because the compliance values diverge, the
self-motion manifold is open. Therefore, the preimage of a regular task configuration is composed of
eight open self-motion manifolds:
(8)
−1 (𝐱𝐱)

𝒇𝒇

8

= � 𝒒𝒒𝑖𝑖 (𝜓𝜓),
𝑖𝑖=1

where qi(ψ), i=1to4 is a self-motion manifold in the elbow-up pose (shown in Fig. 4b)
and qi(ψ), i=5to8 is a self-motion manifold in the elbow-down pose. Each subscript value is the selfmotion manifold identification number corresponding to a unique set of bounding twist alignment
cases and elbow pose. Having the same identification number is a necessary, but not sufficient,
condition for two self-motion manifolds to be homotopic. Note, the number and type of twist
alignment cases is different for task configurations outside the dexterous workspace.
Although each self-motion manifold is unbounded in joint space, the manifold is fully captured by the
bounded kinematic self-motion parameter 𝜓𝜓 ∈ (𝜓𝜓a± , 𝜓𝜓b± ). Each self-motion manifold is unbounded in
that each joint compliance may range between ± ∞. However, the compliance of each joint-i has
practical limits 𝑞𝑞𝑐𝑐𝑖𝑖 ∈ �𝑞𝑞𝑐𝑐𝑖𝑖 , 𝑞𝑞𝑐𝑐𝑖𝑖max � , 𝑞𝑞𝑐𝑐𝑖𝑖
min

min

≥ 0. Therefore, the feasible regions on self-motion manifolds

are necessarily bounded by joint configurations with a joint compliance saturated at its limit.

4. Bifurcations from singularities

To characterize the connectivity of the RIKC solution space, bifurcation nodes associated with
singularities must be identified. This involves 1) identifying the task instances at which they occur, i.e.,
coregular values, 2) identifying the coregular self-motion paths at the coregular values, 3) identifying
the singularity and splitting each coregular self-motion path into separate “branches”, on either side of
the singularity.
This section first describes the bifurcation structure of the self-motion manifolds presented
in Section 3.2 and describes its relationship to homotopy classes of joint paths. The details for
identifying each coregular value and its corresponding coregular self-motion paths and singularity are
then provided.

4.1. Bifurcation structure

For RIKC problems addressed here, the disjoint self-motion manifolds are open manifolds, each
bounded by kinematic configurations associated with a twist alignment. Consider self-motion
manifolds qi(ψ) and qj(ψ) that are bounded by different pairs of twist alignment cases, but with a
shared case (e.g., q1(ψ) and q2(ψ) in Fig. 4b). As the task progresses, these disjoint self-motion
manifolds converge/split at a coregular value. The bifurcation structure, associated with two
independent open coregular self-motion paths, is illustrated by the RIKC solution space shown
in Fig. 5a. The bifurcation branch roadmap for this structure is shown in Fig. 5b. In the RIKC solution
space, all self-motion manifolds (solid lines) to the left of the dashed-dotted plane correspond to selfmotion manifolds qi(ψ), and those to the right correspond to qj(ψ), where i and j denote the
identification numbers. Two independent open coregular self-motion paths exist, one with kinematic
self-motion (dashed line) and one without kinematic self-motion (dashed-dotted line). The intersection
point of these coregular self-motion paths is the singularity ( × ). Each coregular self-motion path is
separated into two paths at the singularity; these are bifurcation branches (black nodes) in the bbroadmap. This bifurcation structure has four branches per singularity, whereas the structure associated
with closed manifolds in Fig. 2a has two branches per singularity.

Fig. 5. Bifurcation structure. (a) RIKC solution space near a bifurcation point associated with a singularity. Solid
lines are regular self-motion manifolds, dashed and dashed-dotted lines are coregular self-motion paths, and
their intersection ( × ) is the bifurcation point. Joint paths (solid lines with arrow endpoints) are in different
homotopy classes. The other self-motion manifolds have their own non-bifurcating RIKC solution regions (not
shown). (b) Rotated top view of Fig. 5a such that kinematic self-motion is in the vertical direction and time t is in
the horizontal direction. The corresponding bb-roadmap is superimposed on the surface. Each joint path qk(t)
crosses a different bifurcation branch associated with a numbered black node.

Fig. 5 a shows four joint paths (solid lines with arrow endpoints). Two paths start at one regular selfmotion manifold qi(ψ), and two paths start at a different regular self-motion manifold qj(ψ). The
manipulator’s joint configuration can switch from being in a self-motion manifold qi(ψ) to qj(ψ)
(or qj(ψ) to qi(ψ)) only if the joint path crosses the vertical dashed-dotted line corresponding to a
coregular self-motion path for which there is no kinematic motion. Each of the joint paths shown has a
different combination of start and terminal self-motion manifold identification numbers and is in a
different homotopy class. For each case, the homotopy class of the joint path is identified by the
coregular self-motion branch that the path crosses.

4.2. Identifying coregular values

The strategy for identifying coregular values is based on investigating twist alignment cases and the
compliance realization conditions for a simpler manipulator with fewer joints.
The task compliance of a serial manipulator with np compliant joints is given by
(9)
𝐂𝐂𝑥𝑥 = 𝑞𝑞𝑐𝑐𝑖𝑖 𝐭𝐭 𝑖𝑖 𝐭𝐭 𝑇𝑇𝑖𝑖 + 𝑞𝑞𝑐𝑐𝑗𝑗 𝐭𝐭𝑗𝑗 𝐭𝐭𝑗𝑗𝑇𝑇 + 𝑞𝑞𝑐𝑐𝑘𝑘 𝐭𝐭 𝑘𝑘 𝐭𝐭 𝑇𝑇𝑘𝑘 + ⋯ + 𝑞𝑞𝑐𝑐𝑧𝑧 𝐭𝐭 𝑧𝑧 𝐭𝐭 𝑇𝑇𝑧𝑧 ,

where 𝑖𝑖, 𝑗𝑗, 𝑘𝑘, … , 𝑧𝑧 are joints 1,2,3, … , 𝑛𝑛𝑝𝑝 in no particular order.
If twists i and j align, (7) is substituted into (9), yielding
(10)

𝐂𝐂𝑥𝑥 = (𝑞𝑞𝑐𝑐𝑖𝑖 + 𝛼𝛼 2 𝑞𝑞𝑐𝑐𝑗𝑗) 𝐭𝐭 𝑖𝑖 𝐭𝐭 𝑇𝑇𝑖𝑖 + 𝑞𝑞𝑐𝑐𝑘𝑘 𝐭𝐭 𝑘𝑘 𝐭𝐭 𝑇𝑇𝑘𝑘 + ⋯ + 𝑞𝑞𝑐𝑐𝑧𝑧 𝐭𝐭 𝑧𝑧 𝐭𝐭 𝑇𝑇𝑧𝑧 ,

where 𝐭𝐭 𝑘𝑘 … 𝐭𝐭 𝑧𝑧 are the independent twists and

(11)

𝑞𝑞𝑐𝑐𝑐𝑐 = �𝑞𝑞𝑐𝑐𝑖𝑖 + 𝛼𝛼 2 𝑞𝑞𝑐𝑐𝑗𝑗 �

is the combined compliance of joints i and j as seen from the twist associated with joint-i.
The task compliance expressed in (10) can be realized by a simpler manipulator with one less joint. The
simpler manipulator has separate, more limiting, compliance realization conditions.
The twist alignment cases that can realize a task configuration on the task manipulation path are
identified by searching (with root finding or optimization) for instances that satisfy the compliance
realization conditions of the simpler manipulator over the task manipulation path x(t). The compliance
realization conditions are evaluated using the inverse kinematic solutions of each twist alignment case
of the redundant manipulator. Each case may have 0, 1, or multiple task instances for which the
compliance realization conditions are satisfied.
These steps used in identifying the coregular values of the 3R manipulator performing a particle planar
task in the kinematic dexterous workspace are described below.
3R-VSA manipulator
The particle-planar task compliance of a 3R-VSA manipulator end-effector is given by (9) where i, j,
and k are joints 1, 2, and 3 in no particular order.
For a singularity to occur, two twists must align and the third twist must satisfy an additional
requirement. Each singularity case must satisfy (10) and must satisfy a 2R compliance realization
condition. For example, the 3R manipulator with an elbow-up pose and twist alignment
case b− in Fig. 6a has the same compliant behavior as the 2R manipulator in Fig. 6b.

Fig. 6. Twist alignments. (a) 3R-VSA manipulator at twist alignment case b− . (b) 2R-VSA manipulator capable of
achieving the same particle elastic behavior.

According to the compliance realization condition in [8], the 2R-VSA manipulator can achieve a
specified task compliance 𝐂𝐂𝑥𝑥 if and only if
(12)

𝐫𝐫𝑖𝑖𝑇𝑇 𝐂𝐂𝑥𝑥 𝐫𝐫𝑘𝑘 = 0.

The calculated [8] joint compliances 𝑞𝑞𝑐𝑐𝑐𝑐 and 𝑞𝑞𝑐𝑐𝑘𝑘 for the 2R realization are unique. The compliance
values for the 3R manipulator at this kinematic configuration are not unique. At these configurations a
self-motion path exists in the compliance subspace.

The coregular values on the task manipulation paths are readily obtained by finding the roots
of (12) over x(t) where 𝐫𝐫𝑖𝑖 and 𝐫𝐫𝑘𝑘 are defined by the unique inverse kinematic solutions of the twist
alignment cases.

4.3. Coregular self-motion without kinematic motion

At each coregular value, there exists a normal self-motion path q(ψ) (described in Section 3) with
motion in the combined kinematic and compliance space and there exists another self-motion
path q(ψc) for which there is no kinematic self-motion. These paths are coregular self-motion paths
intersecting at the bifurcation singularity. Coregular self-motion paths exist when a twist alignment
occurs (7) and the compliance realization conditions of the effective simpler manipulator (e.g.,
condition (12) for the 2R manipulator) are satisfied.
Joint compliances of the twist-aligned joints, 𝑞𝑞𝑐𝑐𝑖𝑖 and 𝑞𝑞𝑐𝑐𝑗𝑗 can linearly trade-off their value while
keeping 𝑞𝑞𝑐𝑐𝑐𝑐 constant. Let 𝜓𝜓𝑐𝑐 ∈ (−∞, ∞) be the compliance self-motion parameter that resolves this
trade-off:
(13)

𝑞𝑞𝑐𝑐𝑖𝑖 = 𝜓𝜓𝑐𝑐 𝑞𝑞𝑐𝑐𝑐𝑐

and
(14)

𝑞𝑞𝑐𝑐𝑗𝑗 =

(1 − 𝜓𝜓𝑐𝑐 )
𝑞𝑞𝑐𝑐𝑐𝑐 .
𝛼𝛼 2

The self-motion path q(ψc) is defined by the task configuration 𝐱𝐱, the twist alignment case, and ψc. The
compliances of the aligned twists 𝑞𝑞𝑐𝑐𝑖𝑖 , 𝑞𝑞𝑐𝑐𝑗𝑗 are resolved by ψc using (13) and (14). The self-motion
path q(ψc) is linear in joint space.

The bounds of the self-motion parameter ψc are identified by substituting joint limits
into (13) and (14). The self motion parameter bounds due to the compliance limits of joint-i and jointj are
(15)
�𝜓𝜓𝑐𝑐𝑖𝑖

And

min

, 𝜓𝜓𝑐𝑐𝑖𝑖max � = �

𝑞𝑞𝑐𝑐𝑖𝑖

min

𝑞𝑞𝑐𝑐𝑐𝑐

,

𝑞𝑞𝑐𝑐𝑖𝑖max
𝑞𝑞𝑐𝑐𝑐𝑐

�

(16)
�𝜓𝜓𝑐𝑐𝑗𝑗 , 𝜓𝜓𝑐𝑐𝑗𝑗max � = �1 − 𝛼𝛼 2
min

respectively.

𝑞𝑞𝑐𝑐𝑗𝑗max

The bounds of the feasible self-motion path is given by

𝑞𝑞𝑐𝑐𝑐𝑐

, 1 − 𝛼𝛼 2

𝑞𝑞𝑐𝑐𝑗𝑗

min

𝑞𝑞𝑐𝑐𝑐𝑐

�,

(17)
�𝜓𝜓𝑐𝑐min , 𝜓𝜓𝑐𝑐max � = �max �𝜓𝜓𝑐𝑐𝑖𝑖

min

, 𝜓𝜓𝑐𝑐𝑗𝑗

min

� ,min �𝜓𝜓𝑐𝑐𝑖𝑖max , 𝜓𝜓𝑐𝑐𝑗𝑗max ��.

A feasible self-motion path exists if 𝜓𝜓𝑐𝑐min < 𝜓𝜓𝑐𝑐max ,, and if the other joint coordinate values
(𝐪𝐪𝑝𝑝 , 𝑞𝑞𝑘𝑘 , … , 𝑞𝑞𝑧𝑧 ) are all feasible.

4.4. Identifying the singularity

The coregular self-motion q(ψ) intersects q(ψc) at ψ* when (7) is satisfied. The compliance
configuration, normally resolved over ψ by the compliance synthesis formulas are not valid at the twist
alignment case. They are, however, valid at ψ values a small step to either side of ψ*. The compliance
configurations resolved on either side of ψ* are used to approximate the intersecting joint
configuration on q(ψc). The singular configuration is then identified by maximizing the condition
number of the total Jacobian matrix over ψc. The singularity may or may not be a feasible joint
configuration. If, the singularity is not a feasible joint configuration the bifurcation does not occur at
the coregular value. Instead, the bifurcation results from a joint limit at a task time before (or after) the
coregular value.

5. Bifurcations from joint limits

To characterize the connectivity of the RIKC solution space, bifurcation nodes associated with joint
limits must be identified. This section describes a method to quickly identify bifurcation points (and
premature termination points) resulting from joint limits in RIK and RIKC solution spaces with one
degree of redundancy. The method involves using a boundary edge path planner, an instantaneous
path planner that tracks the boundary edge of the feasible RIK(C) solution space.
The boundaries of the feasible RIK(C) solution space result from truncation by a joint limit, as
illustrated in Fig. 7a, by the joint-limit hyperplane (dashed-dotted plane) truncating the self-motion
manifolds (solid lines). Fig. 7b illustrates conceptually3 a feasible RIKC solution space with several
truncated regions, and the bifurcation × at t1 corresponds to the bifurcation in Fig. 7a. Each
continuous and smooth boundary edge (edge of the shaded region that is not a dotted line) of the
feasible RIK(C) solution space corresponds to saturation of a single joint variable. Each path (thick solid
line with arrows) tracking the boundary edge of the feasible solution space is generated from a starting
configuration (circle dot) forward and backward in time (arrows indicate the direction of path
generation). The starting configurations are boundary configurations of previously identified feasible
self-motion paths (dotted lines). Each velocity-based generated path is generated forward in time until
normalized time 𝑡𝑡 = 1 (or backward in time until 𝑡𝑡 = 0), or until the path can no longer be generated
without leaving the boundary edge. If the path cannot be generated further, the final joint
configuration of the path is either a bifurcation point ( × ) or a premature termination point (⊗). The
boundary edge path planner and the selection of starting points are described below.

Fig. 7. Boundary edges from joint limits. (a) Joint limit hyperplane truncating the RIK(C) solution space (shaded
surface is the feasible region). (b) An RIK(C) solution space with several truncated regions. Thick solid lines are
instantaneously generated paths starting from boundary configurations (circles) of previously identified selfmotion paths (dotted lines).

5.1. Boundary edge path planner

The boundary edge path planner is based on the SNS algorithm and involves the integration of (3) with
inequality constraints (4) for joint limits. The SNS algorithm is typically formulated for the weighted
pseudoinverse with an identify weighting matrix: 𝐖𝐖 = 𝐈𝐈 (i.e., the Moore-Penrose pseudoinverse).
However, passive compliance control uses a non-identity, configuration dependent weighting matrix to
identify the optimal actuator velocity (primary and VSA) [3]. The SNS algorithm is modified to account
for any positive definite weighting matrix, using
(18)
†
𝐉𝐉SNS

= 𝐒𝐒𝐖𝐖

−

1
1 #
−
2 �𝐉𝐉𝐖𝐖 2 𝐒𝐒� .

A joint path along the boundary edge is generated using the SNS algorithm with pre-saturation. Normal
implementation of the SNS algorithm initializes with all joints non-saturated (𝐒𝐒 = 𝐈𝐈). For boundary
tracking, the joint path starts at a boundary configuration where joint variable i is saturated. Joint
variable i is locked at its boundary value by initializing 𝐒𝐒 with 𝑆𝑆𝑖𝑖𝑖𝑖 = 0 and setting the ith value of 𝐪𝐪̇ 𝑁𝑁 to
zero. The boundary path is then generated by integrating (3) with 𝐉𝐉 † replaced by (18).
When the task path x(t) is continuous and differentiable, the boundary edge path planner terminates
at the task endpoint, or terminates prematurely. The condition for termination is that the rank of the
saturated Jacobian matrix is smaller than the dimension of the task, i.e., rank(𝐉𝐉𝐉𝐉) < 𝑚𝑚. This occurs in
the following two cases:
1. If rank(𝐒𝐒) < 𝑚𝑚,, the termination point is the intersection point of two RIKC boundary edges.
2. If rank(𝐒𝐒) = 𝑚𝑚,, the termination point is a joint limit tangent point where a self-motion
manifold tangentially encounters a boundary edge path.

Case 1 always corresponds to a premature termination point. Case 2 corresponds to either a
bifurcation point or a premature termination point.

If the boundary edge path planner terminates at a time other than the task start or task end, the
terminal point 𝐪𝐪𝑓𝑓 is either a premature termination point or a joint limit bifurcation point. If 𝐪𝐪𝑓𝑓 has

two saturated joint variables, then rank(𝐒𝐒) < 𝑚𝑚 and 𝐪𝐪𝑓𝑓 is a premature termination point. If 𝐪𝐪𝑓𝑓 has
only one saturated joint variable, and a joint path can be generated beyond tf (starting from the joint
configuration generated just before 𝐪𝐪𝑓𝑓 ) by unlocking the saturated joint, then 𝐪𝐪𝑓𝑓 is a bifurcation point.

5.2. Boundary edge start points

The initial joint configuration for each generated boundary edge path is selected from the previously
identified feasible self-motion paths of task endpoints (which were identified when generating
endpoint nodes, Section 3), and of coregular values (which were identified when searching for
singularities, Section 4).
Let 𝓢𝓢 and 𝓣𝓣 be sets of feasible self-motion paths of the task start point and task terminal point,
respectively. For each boundary configuration of each feasible self-motion path in 𝓢𝓢, a boundary
tracking joint path is generated forward in time (until 𝑡𝑡 = 1). For each boundary configuration of each
feasible self-motion path in 𝓣𝓣, a boundary tracking joint path is generated backward in time (until 𝑡𝑡 =
0). In Fig. 7b, 𝓢𝓢 and 𝓣𝓣 each have a single feasible self-motion path at 𝑡𝑡 = 0 and 𝑡𝑡 = 1, respectively. The
boundary edge joint path generated from the lower boundary configuration in 𝓢𝓢 terminates at ⊗. The
boundary edge joint path generated from the lower boundary configuration in 𝓣𝓣 terminates at × at t4.
A boundary tracking joint path generated from the upper configuration in 𝓢𝓢 terminates at the upper
configuration in 𝓣𝓣.

Consider the bifurcation points × at t1 and t3 associated with the “hole” (closed path associated with
the saturation of a single joint) in Fig. 7b. To find them with the boundary edge path planer, a starting
configuration on a feasible self-motion at some time t2 between the bifurcation points of the “hole”
must be identified. For the RIKC problems, “holes” span coregular values for which the feasible
coregular self-motion paths (identified in Section 4) are between joint limit bifurcation points. Let 𝓒𝓒 be
the set of feasible coregular self-motion paths. For each boundary configuration of each feasible selfmotion path in 𝓒𝓒, a boundary edge path is generated forward in time and backward in time. Boundary
tracking paths starting from the top and bottom configuration at t2 in Fig. 7b (points a and b) terminate
at boundary configurations in 𝓢𝓢 and 𝓣𝓣. Boundary tracking paths starting from the remaining boundary
configurations at t2 (points c and d) terminate at × at t1 for backward generated paths and terminate
at × at t3 for forward generated paths (not seen in Fig. 7a).

For all boundary tracking paths generated from the boundary configurations in 𝓢𝓢, 𝓣𝓣, and 𝓒𝓒, the path’s
termination case is checked, using the methods described in Section 5.1, to determine if the endpoint
corresponds to a task endpoint, premature termination point, or joint limit bifurcation point. Multiple
boundary edge paths may have the same terminal configuration. The set of unique premature
termination points is identified and the set of unique joint limit bifurcation points is identified. For each
joint limit bifurcation point, the feasible self-motion path touching the bifurcation point is generated.
These self-motion paths are split into two branches (e.g., dashed and dashed-dotted lines in Fig. 7) and
are used as nodes in the bb-roadmap.

6. Bifurcation branch roadmap construction

The final step in characterizing the connectivity of the RIKC solution space is constructing the
bifurcation branch roadmap (bb-roadmap). Means of identifying the nodes (feasible self-motion paths)

were described in Sections 3–5. Additional node characteristics are described below. The remaining
challenge in constructing the bb-roadmap is identifying edges that correspond to homotopy classes of
joint paths connecting feasible self-motion paths nodes. This section describes a fast method to
identify the bb-roadmap edges using the self-motion manifold identification numbers. The self-motion
manifold identification numbers are assigned in a consistent manner for the entire RIKC solution space
(described in Section 3).

6.1. Roadmap node characteristics

The nodes of the bifurcation branch roadmap are either feasible self-motion paths of task endpoints or
bifurcation branches, i.e., each a feasible self-motion path on one side of a bifurcation point. There are
subtle differences in the characteristics of the self-motion paths introduced in this paper. These
differences are reviewed below using examples illustrated in Figs. 5a and 7a.
•
•
•
•

•

A self-motion path is a path in the RIKC solution space for which the end-effector configuration
does not change. Feasibility is not considered.
A coregular self-motion path is a self-motion path at a coregular value (e.g., dashed and
dashed-dotted lines in Fig. 5a and thin and thick dotted lines at 𝑡𝑡 = 𝑡𝑡2 in Fig. 7a).
A regular self-motion path is a self-motion path at a regular value (e.g., thin solid lines).
A feasible self-motion path is a (regular or coregular) self-motion path in the feasible RIKC
solution space (paths completely on the shaded (feasible) surface. For example, the feasible
coregular self-motion paths in Figs. 5a and 7 a are the dashed and dashed-dotted lines in Fig. 5a
and thick dotted lines in Fig. 7a).
A bifurcation branch is a portion of a feasible self-motion path adjacent to a bifurcation point. A
singularity bifurcation point has coregular bifurcation branches (e.g., the portions of the dashed
and dashed-dotted lines left, right, above, and below the × in Fig. 5a). A joint limit bifurcation
point has regular bifurcation branches (e.g., the dashed and dashed-dotted lines to either side
the × in Fig. 7a).

The feasible self-motion paths in 𝓢𝓢 and 𝓣𝓣 correspond to endpoint nodes (e.g., white nodes in Fig. 3b)
of the bb-roadmap. Let 𝓑𝓑𝑐𝑐𝑐𝑐 be the set of coregular bifurcation branches identified in Section 4; these
correspond to singularity bifurcation nodes (black nodes) of the bb-roadmap. Let 𝓑𝓑𝑟𝑟 be the set of
regular bifurcation branches identified in Section 5; these correspond to joint limit bifurcation nodes
(gray nodes) of the bb-roadmap. Let 𝓟𝓟 be the set of premature termination points identified
in Section 5; these correspond to premature termination nodes (⊗ nodes) in the bb-roadmap.

The feasible self-motion paths in 𝓢𝓢, 𝓣𝓣, 𝓑𝓑𝑐𝑐𝑐𝑐 , 𝓑𝓑𝑟𝑟 , 𝓟𝓟 are sorted by time into the set of all nodes of the
bifurcation branch roadmap 𝓝𝓝. There are multiple nodes with the same time value (e.g., two at each
joint limit bifurcation point, four at each singularity bifurcation point).

Additional nodes are used in edge generation. When a joint limit bifurcation occurs, the bifurcation
branches are not the nearby feasible coregular self-motion paths (e.g., the thick dotted lines in Fig. 7a).
These coregular self-motion paths are needed, however, for edge identification. Let 𝓒𝓒𝑓𝑓 be the set of
feasible coregular self-motion paths (that are not bifurcation branches) that are needed for identifying
roadmap edges.

6.2. Roadmap edges

Because the RIKC solution space consists of open self-motion manifolds, there is exactly one homotopy
class of joint paths connecting two nodes (not the case for closed self-motion manifolds [5]). A bruteforce approach for identifying the edges is to attempt to generate a joint path between every two
node combination. This would involve using the bi-directional instantaneous path planner [5] and
checking if the generated joint path crosses the self-motion paths of any other nodes.
The edges of the bb-roadmap can be determined much faster by investigating the connectivity of the
self-motion manifolds using the self-motion manifold identification numbers and the bifurcation
structure. Consider first, an RIKC problem without joint limits. An edge between nodes A and B exists if
a self-motion path 𝒒𝒒+ (𝜓𝜓) immediately following a node A ∈ 𝓝𝓝 deforms continuously along the
feasible RIKC solution space until it reaches a self-motion path 𝒒𝒒− (𝜓𝜓) immediately preceding a later
node B ∈ 𝓝𝓝 (a later bifurcation node or task endpoint node).

Given node A at time tA, node B is selected from a subset of 𝓝𝓝 based on the following: 1) tB > tA and
+
2) Idnum �𝒒𝒒−
𝐵𝐵 (𝜓𝜓)� = Idnum �𝒒𝒒𝐴𝐴 (𝜓𝜓)�, where Idnum( · ) is the identification number. Edges are generated to
the nearest nodes (in time) in this subset.

This roadmap construction process is illustrated in Fig. 8 for a simple case without joint limits. Fig. 8a
shows a simplified representation of an RIKC solution space with 4 self-motion manifolds (identification
numbers 1–4) at each time instance. The four manifolds are separated by 4 twist alignment cases
(dashed lines) on a closed kinematic self-motion manifold that are “cut and unrolled” into a flat surface
in Fig. 8a parameterized by ψ. The space contains 3 bifurcations from singularities at coregular values,
each with a structure like that shown in Fig. 5. The bb-roadmap of the RIKC solution space near each
singularity is overlayed on the surface to indicate the connectivity. The bifurcation branches (black
nodes) of each singularity are in sets of four. Each of the four branches has self-motion
manifolds [𝒒𝒒− (𝜓𝜓), 𝒒𝒒+ (𝜓𝜓) with a unique combination of self-motion manifold identification numbers
(indicated by the white numbered nodes with dashed edges). The bb-roadmap of this RIKC solution
space is given in Fig. 8b.

Fig. 8. RIKC bifurcation branch roadmap construction. (a) Simplified representation of the RIKC solution space
parameterized by t on the horizontal axis and the kinematic self-motion parameter ψ on the vertical axis. (b)
Bifurcation branch roadmap.

The roadmap construction process is slightly modified when joint limits exist. Joint limit bifurcations
cause multiple disjoint feasible self-motion paths to exist in the same self-motion manifold. Although
the feasible self-motion paths are no longer complete manifolds, they are assigned the same

identification number as the manifolds they are in. An identification number reassignment procedure is
used to distinguish disjoint feasible self-motion paths in the same manifold. Also, because of joint limit
bifurcations, some feasible coregular self-motion paths are not in 𝓝𝓝, but are in 𝓒𝓒𝑓𝑓 . These coregular
self-motion paths must be considered because a continuously deforming feasible self-motion path that
crosses a feasible coregular self-motion path without kinematic self-motion (vertical dotted line
in Fig. 7a) changes from one self-motion identification number to another by crossing the twist
alignment case.
Reassignment of the identification number is only required for joint limit bifurcation branches (nodes
in 𝓑𝓑𝑟𝑟 ) and for the feasible self-motion paths they deform into. If the bifurcation (splitting) occurs as
time progresses forward, the 𝒒𝒒+ (𝜓𝜓) self-motion identification number is reassigned a unique
number k. Each of these feasible self-motion paths (say of Node A ∈ 𝓝𝓝) continuously deforms into a
feasible self motion path of a node B ∈ �𝓝𝓝, 𝓒𝓒𝑓𝑓 � Node B is identified using the boundary edge path
planner. The self-motion identification number of 𝒒𝒒− (𝑡𝑡) of B is reassigned as k. A similar process is
used when the bifurcation occurs as time progresses backward.
The edge generation methodology is summarized in the following algorithmic procedure. For each
node in 𝓝𝓝 and not in 𝓣𝓣, roadmap edges are identified using the following steps:

1. Denote the selected node as I, its task time ti, and its forward self-motion 𝒒𝒒+
𝑖𝑖 (𝜓𝜓), where i is its
self-motion identification number.
2. Identify all the nodes in 𝓝𝓝 and 𝓒𝓒𝑓𝑓 with time t > ti each having a backward self-motion 𝒒𝒒j− (𝜓𝜓) ∣
𝑗𝑗 = 𝑖𝑖.
3. From the set in Step 2, identify those with the smallest time t > ti (there can be multiple).
Let 𝑡𝑡𝓒𝓒𝑓𝑓 > 𝑡𝑡𝑖𝑖 be the smallest time of the relevant nodes in 𝓒𝓒𝑓𝑓 ; and let 𝑡𝑡𝓝𝓝 > 𝑡𝑡𝑖𝑖 be the smallest

time of the relevant nodes in 𝓝𝓝.
4. If 𝑡𝑡𝓒𝓒𝑓𝑓 < 𝑡𝑡𝓝𝓝 ,, a coregular self-motion exists between the edge nodes. Because a twist alignment

case can be crossed at 𝑡𝑡𝓒𝓒𝑓𝑓 , the forward self-motion 𝐪𝐪+
𝑖𝑖 (𝜓𝜓) identification number i is changed to
that of the node associated with 𝑡𝑡𝓒𝓒𝑓𝑓 , ti is updated to 𝑡𝑡𝓒𝓒𝑓𝑓 , and Steps 2–3 are repeated.

5. If 𝑡𝑡𝓝𝓝 < 𝑡𝑡𝓒𝓒𝑓𝑓 (or if there are no relevant nodes in 𝓒𝓒𝑓𝑓 from Step 2), there is an edge from I to each
of the relevant nodes in 𝓝𝓝 with the time value 𝑡𝑡𝓝𝓝 .

The resulting directed graph fully captures the connectivity of the RIK solution space. This combined
kinematic and compliance solution space bb-roadmap is used together with the bifurcation branch
algorithm [5] to identify the globally optimal solution to the RIKC path planning problem.

7. Case study

This section demonstrates the algorithm for generating the bifurcation branch roadmap and obtaining
the globally optimal joint path for a 3R-VSA planar manipulator. Two different task manipulation paths
are considered. The motion path is the same in each; only the task compliance is different. Although
the tasks are relatively simple, the connection structure of the two RIKC solution spaces are relatively
complex and quite different from each other.

7.1. Manipulator and task description

Consider the 3R-VSA manipulator and particle planar compliance task illustrated in Fig. 9. The link
lengths, normalized by the reach of the manipulator L, are: 𝑙𝑙1 = 0.46, 𝑙𝑙2 = 0.43, and 𝑙𝑙3 =
0.11 (anthropomorphic ratios [27]). The kinematic joint positions 𝑞𝑞𝑝𝑝1 , 𝑞𝑞𝑝𝑝2 , and 𝑞𝑞𝑝𝑝3 are expressed in
radians; the joint compliances 𝑞𝑞𝑐𝑐1 , 𝑞𝑞𝑐𝑐2 , and 𝑞𝑞𝑐𝑐3 are normalized by �𝑓𝑓𝑔𝑔 𝐿𝐿�
manipulator.

−1

where fg is the weight of the

Fig. 9. 3R-VSA manipulator performing a crank-turning task with an unknown work load. Five equally
spaced instants in time illustrate the continuous end-effector path xp(t) and the continuous compliance
path 𝐱𝐱 𝑐𝑐 (𝑡𝑡).
For 3R-VSA manipulators performing particle-planar compliance tasks, the total joint configuration is

and the total task configuration is

𝑇𝑇

𝐪𝐪 = �𝑞𝑞𝑝𝑝1 , 𝑞𝑞𝑝𝑝2 , 𝑞𝑞𝑝𝑝3 , 𝑞𝑞𝑐𝑐1 , 𝑞𝑞𝑐𝑐2 , 𝑞𝑞𝑐𝑐3 � ,
𝑇𝑇

𝐱𝐱 = �𝑥𝑥, 𝑦𝑦, 𝐶𝐶𝑥𝑥11 , 𝐶𝐶𝑥𝑥12 , 𝐶𝐶𝑥𝑥22 � .

The constrained manipulation task is to turn a crank. The end-effector motion path is given by
(19)
𝒙𝒙𝑝𝑝 (𝑡𝑡) = �

0.5 + 0.2 cos(2𝜋𝜋𝜋𝜋)
�,
0.2 sin(2𝜋𝜋𝜋𝜋)

where, for normalized time, 𝑡𝑡 = 0 at the start and 𝑡𝑡 = 1 at the end of the task. The task motion path is
dimensionless, normalized by L.
Since the crank handle has a fixed radial distance from the crank center, the task compliance in the
direction along the crank arm is high to limit the constraint force that may result from error in the
commanded relative position of the end-effector. The task compliance in the direction of crank motion
is low to limit the end-effector deflection from the planned path due to the crank work-load. In Fig. 9,
the desired compliance ellipse4 is shown at five instants in time, where the major and minor radii of
the ellipse are eigenvalues of the task compliance matrix.

The normalized task compliance path (task compliance normalized by 𝐿𝐿𝑓𝑓𝑔𝑔−1 ) in matrix form is
(20)

𝜆𝜆2
𝐂𝐂𝑥𝑥 (𝑡𝑡) = 𝐔𝐔 �𝛾𝛾(𝑡𝑡)
0

0

𝜆𝜆2

� 𝐔𝐔𝑇𝑇

𝜆𝜆

where 𝐔𝐔 = [𝐮𝐮1 , 𝐮𝐮2 ] are the normalized eigenvectors, 𝜆𝜆2 = 0.1 is the larger eigenvalue and 𝛾𝛾 = 𝜆𝜆2 is
1

the ellipse aspect ratio. The eigenvalues are constant in each task, but the eigenvectors change so that
the orientation of the larger compliance eigenvector is always along the crank arm:
(21)
𝐔𝐔 = �

− sin(2𝜋𝜋𝜋𝜋)
cos(2𝜋𝜋𝜋𝜋)

cos(2𝜋𝜋𝜋𝜋)
�.
sin(2𝜋𝜋𝜋𝜋)

Each joint compliance is controlled using a VSA with an exponential compliance versus actuation
profile. The feasible compliance range is 𝑞𝑞𝑐𝑐𝑖𝑖 ∈ [0.001,10] corresponding to the actuator
limits ϕi ∈ [0, π/2]. The VSA actuator position is related to the joint compliance by: 𝜙𝜙𝑐𝑐𝑖𝑖 =
1

𝑞𝑞𝑐𝑐

ln � 𝑐𝑐 𝑖𝑖 �, where 𝜉𝜉 = 5.86 and 𝑐𝑐0 = 0.001. The total actuator configuration is 𝝓𝝓 =
𝜉𝜉
0

𝑇𝑇
�𝝓𝝓𝑇𝑇𝑝𝑝 , 𝜙𝜙𝑐𝑐1 , 𝜙𝜙𝑐𝑐2 , 𝜙𝜙𝑐𝑐3 � ,

where ϕp is a 3-vector of primary motion positions. The manipulator is oriented in
the horizontal plane where gravity does not affect the equilibrium joint position such that 𝝓𝝓𝑝𝑝 = 𝐪𝐪𝑝𝑝 .

The globally optimal path is the one that minimizes the actuator velocities, i.e., minimizes
(22)
𝐺𝐺global = ∫

1
𝒒𝒒̇ (𝑡𝑡)𝑇𝑇 𝐖𝐖�𝒒𝒒(𝑡𝑡)�𝒒𝒒̇ (𝑡𝑡)𝑑𝑑𝑑𝑑,
2

where 𝐖𝐖(·) is a joint configuration dependent weighing matrix, selected such that ∥ 𝝓𝝓̇ ∥2 = 𝐪𝐪̇ 𝑇𝑇 𝐖𝐖𝐪𝐪̇ :
(23)

2

2

2

1
1
1
𝐖𝐖(𝐪𝐪) = diag ��1,1,1, �
� ,�
� ,�
� ��,
𝜉𝜉𝑞𝑞𝑐𝑐1
𝜉𝜉𝑞𝑞𝑐𝑐2
𝜉𝜉𝑞𝑞𝑐𝑐3

1

where diag( · ) sorts the vector elements into the diagonal elements of a diagonal matrix and 𝜉𝜉𝑞𝑞 is the
sensitivity of the VSA actuator position to variation in the compliance value of joint i.

7.2. Results

𝑐𝑐𝑖𝑖

Results of the “elbow-up” poses are shown for two aspect ratios: 𝛾𝛾 = 2 and 𝛾𝛾 = 10. The bb-roadmaps
for these tasks are shown in Figs. 10a and 11a, respectively. The routes through the bb-roadmaps
identify the different joint path homotopy classes. For Task 𝛾𝛾 = 2, there are 9 routes that complete the
task, of which, 5 are cyclic (listed in Table 1). For Task 𝛾𝛾 = 10, there are 120 routes that complete the
task, of which, 30 are cyclic.

Fig. 10. RIKC solution space connection structure for Task 𝛾𝛾 = 2. (a) Bifurcation branch roadmap. (b) Sampled
surface parameterized by t on the horizontal axis and the kinematic self-motion parameter ψ on the vertical
axis.

Fig. 11. RIKC solution space connection structure for Task 𝛾𝛾 = 10. (a) Bifurcation branch roadmap. (b) Sampled
surface parameterized by t on the horizontal axis and the kinematic self-motion parameter ψ on the vertical
axis.

Table 1. Cyclic homotopy classes for crank task 𝛾𝛾 = 2.
Cyclic homotopy class
1
2
3

Node sequence in Fig. 10a
Sa, 3, 7, Ta
Sa, 4, 9, Ta
Sb, 1, 5, 8, 11, Tb

4
5

Sb, 1, 6, 10, 11, Tb
Sb, 2, 12, Tb

If the crank needs to be turned a number of times, periodic boundary conditions are used. For
Task 𝛾𝛾 = 2, the upper/lower bound culling method of the bb-algorithm [5] identified that only
Homotopy Class 1 could contain the globally optimal cyclic joint path. However, for comparison
purposes, all cyclic homotopy classes are presented for this task. Some homotopy classes had two
locally optimal cyclic joint paths.
For Task 𝛾𝛾 = 10, the upper/lower bound culling method reduced the set of promising homotopy
classes to four. Each homotopy class had a single locally optimal cyclic path.

The locally optimal cyclic paths found using the bb-algorithm are shown on the RIKC solution surfaces
in Figs. 10b and 11b as thick solid lines. The cost value of each path, evaluated with (22), is shown in
the figures. The globally optimal path cost values were 7.90 for Task 𝛾𝛾 = 2 and 32.23 for Task 𝛾𝛾 = 10.
The actual RIKC solution space is a hyper surface in the 6-dimensional joint space. The surfaces
in Figs. 10b and 11b are close representations of the hyper surface unrolled onto a 2-D plane, where
normalized time (task progress) is on the horizontal axis and the kinematic self-motion parameter is on
the vertical axis. The closed kinematic self-motion manifolds are “cut and unrolled” at the horizontal
dashed lines. The curved dashed lines are the kinematic solutions of the twist alignment
cases, 𝒒𝒒𝑎𝑎+ (𝑡𝑡), 𝒒𝒒𝑏𝑏+ (𝑡𝑡), 𝒒𝒒𝑎𝑎− (𝑡𝑡), and 𝒒𝒒𝑏𝑏− (𝑡𝑡), that separate the four (total configuration) self-motion
manifolds.
The rasterized colored surface corresponds to feasible joint configurations, where the color of each
point on the surface is given by RGB coordinate values corresponding to the compliance actuator
configuration: 𝝓𝝓𝑐𝑐 = [𝜙𝜙𝑐𝑐1 , 𝜙𝜙𝑐𝑐2 , 𝜙𝜙𝑐𝑐3 ] 𝑇𝑇 normalized by the actuation limits. Both surfaces have an
overall blue hue indicating that the third joint is generally the most compliant.

Black circle markers on the simplified solution space correspond to bifurcation points from
singularities. Gray circle markers on the surface correspond to bifurcation points from joint limits. Black
triangle markers indicate the locations of feasible coregular self-motion paths q(ψc) in the compliance
subspace that do not contain the singularity. Coregular paths in the compliance subspace are not
visible on the plotted surface (which is parameterized by the kinematic self-motion parameter), but
they can be imagined as lines going into or coming out of the page at the black circle and triangle
marker locations. In some instances, the triangle markers are very close to gray circle markers. Vertical
dotted lines are self-motion paths q(ψ) associated with bifurcation branches of the bb-roadmap. Each
joint limit bifurcation point has two bifurcation branches. Each singularity bifurcation point has four
bifurcation branches. Again, the two branches of q(ψc) are not visible on the plotted surface.

Although the two tasks are the same except for the compliance in the direction of crank’s motion, the
bb-roadmaps and the globally optimal cyclic joint paths are significantly different.

8. Conclusion

This paper provides a method for identifying the RIKC solution space connection structure (recorded in
the bifurcation branch roadmap), for manipulation with one degree of redundancy. Procedures for

identifying the number and the structure of each self-motion manifold in the combined kinematic and
compliance joint space were provided as well as procedures to identify bifurcations from singularities
and from joint limits. The procedures for identifying bifurcations (and premature termination points)
from joint limits can be applied to traditional RIK problems without compliance variables. The
bifurcation branch roadmap is used in the bifurcation branch algorithm to identify the globally optimal
path in the combined kinematic and compliance joint space to achieve the optimal sequence of joint
configurations for passive compliance control. The structure of the compliance-extended redundant
inverse kinematic (RIKC) solution space is determined by the manipulator structure and the task.
Procedures were demonstrated and results were presented for a 3R-VSA manipulator performing
particle-planar compliance tasks.
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